Biophysical Chemistry 40 (1991) 189-195
Elsevier Science Publishers B.V., Amsterdam

BIOCHE 01568

189

A new model for oscillations in the peroxidase—oxidase reaction
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The NADH oxidation catalyzed by horseradish peroxidase is well known to produce oscillations in an open system with diffusion of
oxygen. We propose here a model based on a cycle between two oxidation states of the enzyme. The two reactions of the cycle are
auto-catalytic and produce a free radical intermediate, but one consumes oxygen. Because of the enzyme cycle, this model is reduced
to three independent species. The model can be studied with normal mode stability analysis. The results of this analysis predict that
in some cases the steady state should be unstable with an oscillatory behavior. Then the numerical simulations show that sustained
oscillations are exhibited by our model. The shape of these oscillations are very similar to those obtained experimentalty (I. Yamazaki

and K. Yokota, Mol. Cell Biol., 2 (1973) 39).

1. Introduction

Peroxidases are well known to catalyze the re-
duction of a peroxide (usually but not necessarily
hydrogen peroxide) in the presence of reducing
species such as phenols, aromatic amines and
iodid. In some cases, peroxidases are also able to
catalyze the oxidation of some substrates (such as
NADH, DHF, isobutyraldehyde and indoleacetic
acid) by oxygen without addition of a peroxide. In
general this happens when the auto-oxidation of
the substrate produces a peroxide or a peroxyacid
[1]. In 1965 Yamazaki et al. [2] reported the first
observation of damped oscillations during the
oxidation of NADH catalyzed by horseradish per-
oxidase in an open system through which a gase-
ous mixture of oxygen and nitrogen was continu-
ously bubbled. In a slightly different open system
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in which the oxygen concentration in the gas
phase was maintained constant by blowing a gas
mixture of nitrogen and oxygen, Degn observed
bistability during this reaction [3]. Using a
NADPH regenerating system involving glucose-6-
phosphate and glucose-6-phosphate dehydro-
genase, and by adding methylene blue and 2,4-di-
chlorophenol, sustained oscillations were observed
during this reaction catalyzed either with lacto-
peroxidase [4] or horseradish peroxidase (HRP)
[5]. In the same kind of system, but by adding
NADH instead of using a NADPH regenerating
system, Olsen and Degn showed that the decrease
in HRP concentration led to chaos [6]. Recently,
this latter system was found to produce bistability
between an oscillatory and a stable state [7].

In order to explain these oscillations, Yokota
and Yamazaki studied both experimentally and
theoretically the oxidation of NADH by oxygen
catalyzed by HRP in a closed system. They
analyzed the different phases of this reaction and
numerical simulations of their detailed mechanism
was shown to fit the experimental results [8].
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This system also has been studied intensively
from a theoretical point of view. Fed'kina et al.
[9], studied the conditions to obtain sustained
oscillations in an open system using the Yamazaki
mechanism [8], but adding a termination reaction
for NAD radicals. They assumed that some highly
reactive compounds were in a steady state (these
are defined as fast variables), that changes in O,
concentration exhibited a quasi-stationary behav-
10r, and that NADH concentration was constant.
Taking into account that almost all of the reac-
tions known to occur during the oxidation of
NADH are catalyzed by HRP, Aguda and Clarke
used a stoichiometric network analysis to find a
detailed model which was able to exhibit damped
oscillations and bistability [10]. Aguda and Larter
developed this model and predicted that bistabil-
ity between a stable steady state and sustained
oscillations should be obtained [11] as was found
experimentally later [7].

Other theoretical work focussed on the similar-
ity of the observed oscillations with abstract the-
ory which predicts such behavior [12]. The first
abstract model was based upon four independent
species: O,, NADH and two free radical inter-
mediates designated X and Y [13]. The nature of
the species X and Y is discussed below. This
model involved two feedback loops. The first loop
is the auto-catalytic generation of X and the sec-
ond one is a feedback loop on X involving Y as an
intermediate. This model has been found to ex-
hibit sustained oscillations [13] as well as complex
oscillations [13,14] or in some cases chaos [15,16].
Olsen modified this model by removing oxygen
from the first loop and by producing 3X instead
of 2X in the second loop [17). This later model
predicted chaos for a larger range of parameters
[18]. However, because of the removal of oxygen
from the first loop, the later model [17} is less in
agreement than the earlier one with the detailed
mechanism [11].

We now turn our attention to the nature of X
and Y. Aguda et al., assigned X to NAD« and Y
to oxyperoxidase (compound IIT) [18]. In the
earlier model of Olsen and Degn X and Y were
both believed to be free radical intermediates and
not an oxidized form of the enzyme [13]. Also, if
Y is oxyperoxidase, to be in agreement with ex-

periment [8], it should be formed when oxygen is
at high concentration. In fact, in all of the abstract
models Y is consumed during the auto-catalytic
step involving oxygen in the second loop [13,17,18].
Lastly, if Y corresponds to oxyperoxidase another
form of the enzyme should be involved in the
model, since almost all of the native HRP is
converted to oxyperoxidase during the oscillation
[8].

We present here a theoretical model involving
two oxidation states of the peroxidase. These two
forms of the enzyme are likely the native per-
oxidase and oxyperoxidase because of their impor-
tance during the oscillations [8,11]. The experi-
mental analysis of the peroxidase—oxidase reac-
tion showed that the formation of oxyperoxidase
and its decomposition are auto-catalytic [8].
Therefore, our model is based on two auto-cata-
lytic reactions which generate a cycle between the
two oxidation states. We assume that NADH con-
centration is constant and consider four inter-
mediate species, P, X, Y and A, three of which are
independent. P is native enzyme, X is a free radi-
cal intermediate (likely NAD-), Y is oxyperoxi-
dase and A oxygen. We analyzed this model by
using the normal mode stability analysis in order
to find the conditions to obtain oscillations. We
present also the result of numerical simulations
which show that our model is able to exhibit
sustained oscillations.

2. The model

Our model involves the following chemical
steps:

P+A+X 5y +2x 1)

Y+X %2 pyoax (2)

B X, x 3)

X ¥4, Product (4)
K,

Ag=A (5)

In reaction (3), B is a species present at constant
concentration so we define the product k;,[B] as
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k5. The products of reaction 4 are assumed to play
no further role in the reactions.

The first two steps (reactions 1 and 2) are
auto-catalytic and create a cycle between the two
oxidation states of the enzyme P and Y. This can
be justified after the detailed mechanism proposed
in order to explain the peroxidase-oxidase reaction
[8]. From this mechanism, it appears that the
formation of oxyperoxidase from the native en-
zyme is auto-catalytic and involves the radical
NAD-. In the same way, the decomposition of
oxyperoxidase back to the native form is also
auto-catalytic involving NAD -

Step 3 represents the initial formation of the
free radical X by the usual cycle of peroxidase. In
the experiments, this initial formation occurs be-
cause of the hydrogen peroxide which is always
present in the solution of NADH [8]. In order to
simplify the model the rate of this step is assumed
to be constant. This simplification is justified by
our results as we will see later.

The free radical is consumed during the auto-
decomposition step 4. The last step 5 corresponds
to the exchange of oxygen between the solution
and the gas phase (k, being the transfer rate
constant and A, the equilibrium concentration of
A in absence of reactions).

Because P and Y are cycling species, the sum of
their concentrations remains constant and equal
to the total enzyme concentration [E):

[P] +[Y] =[E] (6)
The system may be reduced to three indepen-

dent species (Y, A, X) and is governed by the
following three kinetic equations;

AX] (BT~ IYDIANX] + Ao YITX] +

— ky[X] (7)
Y] (B - YDIANX - kYK (8)
AA) k(B - [YDIAIIX]

+k([Als - [A]) (9)

3. Steady state

By setting the differential egs. (7) to (9) to zero,
one can find the values of the steady state con-
centrations of A and X:

k2[Y]s
A= e - v 1)
[X]s= k442k’z2[Y]s (lla)
[X]s - kl([A]O - [A]S) (llb)

From eq. (9) and the values of the steady state for
A and X (eqs. 10 and 11) the steady state value for
Y is then given by the quadratic equation (eq. 12):

a[Y2— o [Y] + ag=0 (12a)

with

ay = kkk [E][A], (12b)

ay = kiky (2k [A]o + k3)[E] + k k(K [Alo + k)
(12¢)

and

ay = ko{ ki (2k [A)y + k) + 2K,k } (124d)

Because all the coefficients (aq, a;, a,) of the
quadratic equation (eq. 12a) are positive, the two
roots are positive. However, some conditions on
the steady state value for Y can be deduced from
the fact that the steady state values for A and X
must be positive. From eq. (10)

(Y] <[E] (13a)
and from eq. (11a)

Y], < 22 (13b)
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In addition, because [A], must be smaller than
[A], (see eq. 11b) a third condition can be found
on [Y], from eq. (10):

k [EJ[Alo

[Y]S = k2 + kl [A]O (130)

Because of these constraints (egs. 13a—c) it can be
shown that if k, is not equal to zero (egs. 12¢c, d)
only the smaller of the two roots is a valid steady
state.

4. Stability analysis
The stability analysis of this steady state can be

carried out after evaluating the Jacobian matrix
for the steady state (eq. 14) [18].

2ky(Y]s —ka =k [AB[X]s + 2k [X]s fer([E] = [Y])[X]s
L= 0 —ki[Als{X]s — k2 [X]s k({E] = [Y19)[X]s )
—kalY)s ki [AL[X]s = k([E] = [Y]s)[X]s — &,

(14)

The eigenvalues (w) of this matrix are then given
by the characteristic equation [18,19]:

W —Tw'+8w—A=0 (15)

in which 7 is the trace of the matrix, 8§ the sum of
the principal minor of rank 2 and A the determi-
nant.

For the steady state to be unstable, at least one
eigenvalue (or its real part in the case of a com-
plex) must be positive. Taking into account the
constraints (eq. 13a—c) on the steady state in the
evaluation of the matrix coefficients, it can be
demonstrated that T and A are always negative
while § is always positive. Therefore if the three
roots of eq. (15) are real numbers, one is negative
while the other two are of the same sign. In the
same way if two roots are complex conjugates, the
third one is real and negative. Therefore only the
sign of two roots are important, and this sign is
positive only if the following necessary condition
is valid [20].

T6-4>0 (16)

Further information given by the eigenvalues is
the manner of evolution from the steady state

after introduction of a small perturbation. If & is
real, the stability analysis predicts a non-oscilla-
tory evolution while if w is complex an oscillatory
evolution is predicted. To obtain complex eigen-
values the following condition must occur [20}]:

46° — T8+ 4T3A + 274> - 18T8A > 0 (17)

Therefore to predict the behavior of this system
after calculating the matrix coefficients, we only
need to evaluate the sign of the two conditions
(16) and (17). Taking these considerations into
account, we have plotted the stability diagrams of
the systems by varying two of the following
parameters (kinetic constants, k; to kg transfer
rate constant, k,; total concentration of enzyme
[E] or equilibrium concentration of the species A
[Alo)- These diagrams show that if the eigenvalues
are real, their sign is always negative while if two
eigenvalues are complex the sign of the real part
can be either negative or positive. Therefore: (1) if
the eigenvalues are real, the steady state is stable;
(2) if two eigenvalues are complex with their real
parts negative, the steady state is stable with an
oscillatory evolution; and (3) if two eigenvalues
are complex with positive real parts, the steady
state is unstable with an oscillatory evolution.
Because the steady state is unique we can expect
in the second case damped oscillations and in the
third one sustained oscillations.

We found that in order to obtain oscillatory
behavior of the system, there is a lower limit for
the kinetic constants %, and k, as well as the
concentrations of [A], and [E]. On the other hand
there is an upper limit for the kinetic constant k;
and the transfer rate constant k,. However in the
case of k4, its value must not be negligible com-
pared to 2k,[A],. Finally we found that the value
of the fourth kinetic constant k, is more crucial
than the other parameters for the occurrence of
oscillations, Figures 1(a—c) show some characteris-
tic trends: a large domain in which damped oscil-
lations (DO) may occur; the two complex eigen-
values for DO have a negative real part. Con-
tained within DO is a small region in which sus-
tained oscillations (SO) may occur, the complex
eigenvalues for SO have a positive real part. Fig-
ure 1(d) shows clearly the importance of the k,
value on the complex eigenvalue domain, and the
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Fig. 1. Stability diagram drawn on a logarithmic scale by varying two parameters of the system, one at a time, and by evaluating
whether the eigenvalues are complex or real. Three different domains can be obtained. A stable domain, S, which has three negative
real eigenvalues; a sustained oscillation region, SO; and a damped oscillation region, DO. The three eigenvalues for SO and DO are:
one negative and real and two conjugate complex values with real parts negative (DO) or positive (SO). All these diagrams have been

drawn using the following parameter values: &y =2x10'0 M~2 5

“l ky=5%x10° M!

s k=107 M 571 k, =125 57",

k,=10"2 571 [A],=1.5%10"% M; [E] = 6 X107 M. Therefore these values are used for evaluation of the central point.

fact that the system is unstable for a large range of
k, values. Finally in Figs. 1(e) and (f) large do-
main is developed in which sustained oscillations
can be expected. Figures 1(e) and (f) show the
same kind of phenomenon: the sustained oscilla-
tion (SO) domain being arranged along the diago-
nal of the diagram. In order to remain within SO a
diminution of the transfer rate constant k, may
require an increase of the equilibrium concentra-
tion [A],. Also a diminution of the kinetic con-
stant k, may require an increase of the enzyme
concentration [E]. This can be explained by the
influence of k,[A}, or k4(E] in the steady state
equations and in the matrix coefficients.

5. Simulations

We have performed numerical simulations using
eqs. (7) to (9) directly in the computer program
which are in agreement with the results of the
stability analysis. In the domain in which the
eigenvalues are real and negative, we verified that

the steady state was stable without oscillatory
behavior. When two eigenvalues were complex
with a negative real part, we obtained (as ex-
pected) damped oscillations. Finally in the last
domain in which two eigenvalues are complex
with a positive real part (so that the steady state is
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Fig. 2. Sustained oscillations obtained with the same parameter
values as in Fig. 1. A( ); Y(-=nnn- Y X(e——0).
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unstable) we obtained sustained oscillations. Fig-
ure 2 shows an example of these sustained oscilla-
tions.

An analysis of the effect of the various parame-
ters show that the amplitude and period of the
sustained oscillations are maximum for their val-
ues which correspond to the center of the SO
domain on the stability diagrams (Fig. la—c) . In
the case of k,, a small increase or decrease of its
value in the SO domain leads to a fast decrease of
the period and amplitude. In the case of values of
the parameters k,, k,, k., [E] and [A], the same
kind of change does not change drastically the
amplitude and period of oscillations. However,
when their values are close to the one of the DO
domain, the amplitude and period decrease lead-
ing to damped oscillations in the DO domain. In
the case of k;, if its value is taken within the SO
domain near the DO domain, the amplitude and
period decrease. However, if the value of k; used
for drawing Fig. 2 is divided by 10,000, the sus-
tained oscillations remain unaltered. Therefore,
the simplification we made on the third step (reac-
tion 3) is justified. If the kinetics of this step were
more complex, it would lead to a decrease of its
rate with time, which as we see does not change
the oscillations.

e
I
T

11 12 (Yl 13 14
[Y] (uM)
Fig. 3. Evolution of the limit cycle when starting with the
steady state and after putting k, =0 s~ ! for 2 s at =100 s.
Initial concentrations: [A] = 6.576 pM; [Y]=1.249 p M; [X] =
0.1369 uM. Parameters as in Fig. 1. Only parts of the evolution
are shown here at the following starting times: (0) =100 s; (1)
t =1300 s; (2) 1 = 3000 s; (3) 1 = 6000 s. (4) r =10000 s.

Depending upon the initial conditions a large
variation can occur in the time required to reach
the limit cycle (sustained oscillations). For exam-
ple, we performed a simulation starting at the
steady state conditions (Fig. 3). In order to per-
turb the system away from the steady state and to
obtain a faster response of the system, we put the
transfer rate constant equal to 0 s™' for 2 s at
t =100 s, Then the oscillations start. At the begin-
ning the limit cycle is very small but increases
slowly with time. After more than 8000 s the final
limit cycle is then obtained. Following the same
behavior as the concentration maxima, the period
increases with time starting at 63.5 s for the first
period and ending at 76.5 s when the final limit
cycle is reached (Fig. 3).

6. Discussion

In order to explain the oscillations in the per-
oxidase—oxidase reaction with NADH, we built a
model based mainly on a cycle between two
oxidation states of the peroxidase. The normal
mode stability analysis of this model showed
clearly the importance of the kinetic constant of
the fourth step which corresponds to the termina-
tion reaction of a free radical intermediate species
X (reaction 4). The connection between the trans-
fer rate constant (k,) and the equilibrium con-
centration of A, [A],, was clearly demonstrated
(Fig. 2e). If k, is less than some maximum value
and [A], more than some minimum value, a de-
crease of k, and an increase of [A], of the same
order will keep the input flux of the species A
constant and will not affect the result of the
stability analysis. A similar relationship was found
between the kinetic constant of the first step (reac-
tion 1) and the total concentration of enzyme E
when their values are bigger than some minimum
value (Fig. 2F).

Using the results of the stability analysis,
numerical simulations confirmed the results of this
analysis. We have shown that our model is able to
exhibit damped and sustained oscillations. From a
qualitative point of view the shape of the oscilla-
tions for species A and Y are very similar to the
experimental ones for oxygen and oxyperoxidase
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[5]. However, we have not found with the model
chaos or complex oscillations as in the experiment.
Because only one steady state is predicted, bista-
bility cannot be found with our model.

To the best of our knowledge, chaos or com-
plex oscillations was observed experimentally only
when running the oxidation of NADH by HRP in
the presence of methylene blue and dichloro-1,4-
phenol (DCP) [5,6]. On the same hand, from a
theoretical point of view, the detailed model in-
volving all the known reactions for this reaction
system but which did not take into account meth-
ylene blue or DCP, was never found to exhibit
these phenomena [11]. Methylene blue in this re-
action was assumed to be a catalyst [13]. However,
up to now its exact role has not been elucidated.

Recently, the oxidation of sulfide ion by meth-
ylene blue has been found to exhibit sustained
oscillation in a continuous stirred tank reactor
(CSTR) [21]. The mechanism of these oscillations
has been studied and it was suggested that the
oxidation of the reduced form of methylene blue
is indirect, auto-catalytic and involves methylene
blue radical as well as superoxide radicals [22,23].
Actually, the oxidation of NADH by methylene
blue has been investigated under anaerobic or
aerobic conditions in a closed system [24]. This
reaction was found to be of first order in respect
to methylene biue and to exhibit a saturation
kinetic behavior in respect to NADH. If the re-
oxidation of methylene blue is auto-catalytic
[15,16], oscillations would be expected during the
oxidation of NADH by methylene blue in an open
system with diffusion of oxygen. In any case, this
reaction should be taken into account in a realistic
mechanism for the oscillations of the peroxidase—
oxidase reaction with NADH.
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